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ABSTRACT

| will explain an algorithm for reconstructing
the underlying scheme of the objects of Schy /5, where

- S alocally Noetherian normal scheme,
- ¢/S5: asetof properties of S-schemes s.t.
¢ C {red, qcpt, gsep, sep}, and

- Schy /g : the full subcategory of Sch, s determined by
the objects X € Schy g that satisfy every property of ¢/S.

To explain this algorithm,
I will talk about a Ring version of this algorithm: Algy ¢ ~ R.
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NOTATIONS

S, R ---abase scheme, a coefficient ring, resp.
¢/S,R/¢
- sets of properties of S-schemes and R-algebras, resp.

SCh’/S, AlgR/Q

-+ full subcats Schy /s C Sch/g and Algr ¢ C Algg, detnd by ¢.
X, lim, colim

.-+ fiber prods, limits and colims in Sch, Alg.
x*® lim?, colim®, @*

--- fiber prods, limits, colims and tensor prods in Schy s, Algr/e-

We shall mainly be concerned with the properties

¢ C {red, qcpt, gsep, sep} .



RESEARCH

Mochizuki 2004

4/S =11/S, S: locally Noetherian, Schy /g ~ S.
Mochizuki 2014

log scheme version of [Mzk04]
van Dobben de Bruyn 2019

¢ =2, Rand S: arbitrary, Sch/s ~ S, Algg, ~ R.
Anabelian Geometry

¢/S =fét/S, S: avariety over an "arithmetic" field, etc...

REMARK. [vDdB19] %4 [Mzk04].



DEFINITIONS

DEFINITION. We say that a category C is of schematic type if
it admits an equivalence of categories C = Schy /s, Where

- S'is a locally Noetherian normal scheme, and

- & C {red, gsep, qcpt, sep} a set of properties.

DEFINITION. We write Sch,qqs -type for the 2-groupoid of cate-
gories of schematic type, equivalences, and natural isomorphisms.

DEFINITION. Let C be a category and ¢ € C an object.
- We shall write C,. for the slice category.

- We shall write C., for the coslice category.



MAIN THEOREM

The inclusion Sch,qqs -type < Cat admits a factorization

———— Cat

such that for any locally Noetherian normal scheme S and

set of properties 4 C {red, gsep, qcpt, sep},

WU(Schy,s) is isomorphic to the forgetful functor: Schy /s — Sch.

v forgetful
Schyqqs -type — Cat/scp ——

COROLLARY. S,T # @: locally Noetherian normal schemes.
Then, SChQ/S = SChQ/T = ”’ = <>”-

COROLLARY. S, T locally Noetherian normal schemes.
Then, the following functor is an equivalence:

Isom(S,T) = Isom(Schy 7, Schy/s)
[

* def
: fT( ).



IDEA OF PROOF

To prove the main theorem,
we need to construct a functor ¥ : Sch,qqs -type — Cat/ sch-

Hence, VC € Sch,qqs -type, we need to construct ¥(C) : C — Sch.
In particular, we need to construct a functor

W(Schy/s) : Schy s — Sch

which is isomorphic to the forgetful functor.

To Do. Forany object X € Schy,s and morphism f € Schy /g,
we need to construct a scheme X =~ X

and a morphism of schemes f = £, functorially,
from the intrinsic structure of the abstract category Schy /5.
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A THEOREM

To explain an example of a reconstruction algorithm,
we introduce a proof of the folowing theorem:
THEOREM. [van Dobben de Bruyn] Let R, S be rings. Then
Isom(R,S) = Isom(Algg,, Algs)),
« def
fer [E S @R (-).

To prove above theorem, we remember the following well-known
result:

WELL KNOWN RESULT. [Beck] A:aring, M : an A-mod.
Then the square-zero extension A x M admits an
abelian group object structrure in Alg 4 4 &f (Alg /)4, Moreover,
Mod.4 =+ Ab(Alg 4, 4),
M— Ax M.



A THEOREM

REMARK. By considering the well-known isom R = End (idmody, ),

we obtain

However, the operator End (idmed, ) is not functorial wrt ™",
Hence we can't conclude the theorem from only this observation.

LEMMA. Let A € Algg, be anobject, A} = Ax My, Ay = Ax Ms,
and A — B % A be objects of Ab(Alg 4 4).

Then ker(q) & My ® 4 M, if and only if

Bis "closest"to A; ® 4 A; among objects satisfying:

- B admits amorphism B — A; ®4 Az in Algasa
suchthat A = B x 4,944, (41 ® A).



A THEOREM

The above lemma conclude that for any category C = Algp, and
X € C, we can define category-theoretically a monoidal structure ®
on Ab(Cx, x) such that Ab(Alg4,4)® = Mod%.

Moreover, we can observe easily that for any (A — B) € Algg/,
the functor Ab(Alg 4, 4) — Ab(Algg, ) induced by B @4 (—)
coincides with B ®4 (), via Moda =+ Ab(Alg 4/4)-

We define ¥(C)(X) & End(1), where 1 is the monoidal unit of

Ab(CX/X)®. Then

THEOREM. The inclusion Alg-type — Cat admits a factorization
forgetful

—— Cat

forgetful

Alg-type LN Cat/Ring

such that for any ring R, ¥(R) = [Alg, Ring].
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A PROBLEM

Next, we consider the folowing problem:

PROBLEM. Forany reducedrings R, S and ¢ C {red},
is the following an equivalence?
Isom(R,S) = Isom(Algg ¢, Algs /),

fo SR (-).



A PROBLEM

First, we note a difference between the present situation and this
situation:

REMARK. Assume thatred € 4.
Then, VA: R-alg, VM: A-mod, Ax M & AIgR/,.

From another perspective, the above conclude that the following
corollary:

COROLLARY. R,S # 0: reduced, ¢, C {red}. Then,
Algr ¢ =Algg, = ¢ =90.



A PROBLEM

Next, we note a property of the tensor product (=push-out) in Alg, 4.

REMARK. Assume thatred € ¢.

Then a push-out of the diagram [A; < B — A in Algg 4 is
naturally isomorphic to (4; ® g Az)/+/0.

Hence, if red € ¢, then A, ®% A, = (4; ®p A3)/V0.

In particular, the operation "push-out” in Alg , preserves surjectivity.
Thus, we obtain the following corollary:

COROLLARY. Let[f: A — BJ] € Algg,4 be a morphism. Then
fisurj. <= the following is a push-out square in Alg /4

AXBALA

przl ; lf

A——— B.



A PROBLEM

Next, we reduce this problem to the case of the reconstruction
problem of schemes.

DEFINITION. X:an R-scheme, F : Algp 4 — Set a functor.
- hx gef Homsgeh , , (Spec(—), X) : Algr ¢ — Set.
- Foranyring A, ha 3 hspec(a)-
- We shall say that F is represented by X if FF = hy.
By the above characterization of surjective morphisms, we obtain:

COROLLARY. Let A € Algy 4 be an object, F : Algp 4 — Set a
functor,and i : F — h4 a morphism of functors. Then

F — hy is represented by an open subscheme of Spec(A) <
Jasurj[A — B] € Algg ¢ St. F Xp, hg =3, and

VG : Algp gy — Set, V(G — ha), G Xp, hg =2 = 3G — F)/ha.



A PROBLEM

Hence, the property that F is a sheaf on Alg 4 With the Zariski
topology can be characterized category-theoretically.

COROLLARY. R:aring, F : Algg 4 — Set a Zariski sheaf. Then
F is represented (d:ef: repr'd) by an R-scheme that satisfies ¢ <=
I{A;} C Algg g, Hha, = Flicr ST, VA € Algg 4, V(ha — F),
(1) Vi € I, ha,xrha — haisreprdbyanopen subschof Spec(A4).
(2) 3 eI, ha, xrha#2 ({U;}is a "open covering of F").

) Fisreprdbyasch < F admits an open cov by reprble shvs. O

Thus, the category Schy/ spec(r) Can be reconstructed from the
intrinsic structure of the abstract category Alg, /4.
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MAIN THEOREM

The inclusion Schyqqs -type < Cat admits a factorization

Schyqqs -type 2, Cat/sch M Cat
such that for any locally Noetherian normal scheme S and
set of properties 4 C {red, qcpt, gsep, sep},
®(Schy,s) is isomorphic to the forgetful functor: Schy g — Sch.

To prove the above theorem, we need to:

OUTLINE. For each object X € Schy,s, We give a category-
theoretic algorithm for reconstructing the underlying set |X|, the
topology on | X|, and the structure sheaf Ox.




FIBER PRODUCT

First, we verify a property of the fiber products in Schys.

LEMMA. f:Y — X,g:Z — X : morphisms in Schy /g.
Suppose that either f or g is quasi-compact.
Then, the fiber product Y x% Z in Schy s exists, and:

- Ifred ¢ #,thenY x% Z =Y xx Z.
- Ifred € #,thenY x& Z = (Y Xx Z)rea.

(We omit a proof).

In particular, Y x x Z and Y x% Z have same underlying topological
spaces.
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ONE POINTED SCHEMES

Next, we note the following:

OBSERVATION. A point z € X is determined by
amorphism f: Y — X s.t. #(]Y|) = 1, and Im(f) = {z}.

Hence, the following are equivalent:

- giving a point of X.

- giving acerteinequivclassof f : Y — X st. #(]Y]) = 1.
Thus, to reconstruct the underlying sets of the objects of Schy /g, it

suffices to characterize one-pointed schemes (i.e., schemes whose
underlying sets are one point sets) category-theoretically.



ONE POINTED SCHEMES

By considering the above observation, we can give a
catgrory-theoretic characterization of one-pointed objects as follows:

LEMMA. Let X € Schy/s. Then #(|X]) > 1 <=
W, 242, X, Z-X st Yx4Z=0

) [=] 321,20 € X St 21 # 22 = Spec(k(xy)) x} Spec(k(z2)) = 2.
[<] If X satisfies the condition, then y € Y and z € Z determine two
distinct points of X. O

Now, we can obtain immediately the following:

COROLLARY. Let C € Sch,yys -type be a category of scheme type
and X € C an object.
Assumethat 3F : C = Schy s S.t. #(|F(X)|) = 1.
Then VF : C — Schy s, #(|F(X)]) = 1.



UNDERLYING SETS

Let C € Sch,qqs -type be a category of schematic type and X € C.
We call that X is 1-ptd if 3F : C = Schy g, #(|F(X)]) = 1.

REMARK. By the above corollary, this definition does not depend
on the choice of F'.

DEFINITION. Let C be a categiry of schematic type and X € C.
We define
Pte(X) L {(pz:Z - X)eC| Z 1ptd}/ ~,

where (pz: Z = X) ~ (pzr: 2/ = X) &5 Z2x8, (74 @
By compositing a morphism f : X — Y in C, we obtain a map

Pte(f) : Pte(X) — Pte(Y).

Thus, we obtain a functor Pt¢ : C — Set. Moreover,



UNDERLYING SETS

RECONSTRUCTION OF UNDERLYING SETS.

The assignment ¥s, : C — Pt¢ determines a factorization
Schrqgs Type = Cat/ o <= Cat

of the inclusion Sch, s -type < Cat such that

for any scheme S and ¢ C {red, qcpt, qsep, sep},
forgetful
S

Uset(Schy,s) : Schy s — Set is isomorphic to Schy s Set.
In particular,
COROLLARY. Forany F : Schy,s = Sche /., Ui% o Ug% oF.
Schy/s % Schy 7
vigs | [usir

Set f— Set .
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CLOSED IMMERSIONS

To reconstruct the underlying topological spaces, we use a property
of regular monomorphisms in Schy /5.

DEFINITION. LetC beacategoryand (f: X —Y) eC.
We call f is a regular monomorphism if3¢,h: Y — Z, st.
f is the equalizer of (g, h).

LEMMA. Let S be agsep scheme and f € Schy,s @ morphism.

If f is a regular monomorphism in Schy /g, then f: immersion.
) If fisareg. mono,, then f is isomorphic to the base-change of the
diagonal of some g € Schy /5 (details omitted). O

A CHARACTERIZATION OF REDUCED SCHEMES. Let S: gsep.
X €Schy/sisred. <= [f:Y — X:surj. reg. mono. = f: isom]
*.’) a surj. reg. mono. is a surj. closed immersion. O



CLOSED IMMERSIONS

Closed immersions may be characterized as follows:
A CHARACTERIZATION OF CLOSED IMMERSIONS. [vDdB19]
S:qgs.,(f: X = Y)e&Schy,s. Then fis aclosed immersion <=
- fis aregular monomorphism.
- ¥(T —Y), the base-change X¢ 7 = X x¥ T exists in Schys.
-Y(T —=Y)VteT: closedpts. st. ¢t Z Im(for: Xer —T),
Xeo,1 ]I Spec(k(t)) — T is a regular monomorphism.
(We omit a proof).

Hence to give a category-theoretic characterization of closed imms.,
it suffices to characterize the closed points of each objects.

In particular, it suffices to characterize the specializaton-generization
relation xy ~ x5.



STRONGLY LOCAL

To characterize the relation z; ~ x, we define:
DEFINITION. S:gsep, X € Schy /g, and z1, 2o € X.
(X, 1, 22) is strongly local in Schy /s L
- X is connected.
-VY(f:Z — X):reg. mono, if 1,22 € Im(f), then f: isom.
- Spec(k(z1)) [ [ Spec(k(z2)) — X is an epimorphism.
- Spec(k(x1)) — X is a regular monomorphism.

-VY(f:Z— X):reg. mono, if z; € Im(f) and Z # &, then
Z | Spec(k(z1)) — X is not a regular monomorphism.

REMARK. The property that (X, z1, z2) is strongly local is defined
category-theoretically from the data (Schy /g, X, 21, 72).



STRONGLY LOCAL

Properties of strongly local objects which is used to characterize the
relation ~ are followings:

PROPERTIES OF STRONGLY LOCAL OBJECTS.
Let S be a gsep scheme, X € Schy /g, and xy, 22 € X.
If (X, x1,22): strongly local in Schy g, then

(1) X = Spec(a local domain)
(2) One of z1, x4 is the closed pt., and the other is the generic pt.
In particular, zq ~ x5 Or T9 ~ 1.

(We omit a proof)

Let v & Spec(a val. ring), v € V: closed pt., n € V: generic pt. Then,
EXAMPLE. (V,v,n): strongly local.

(We omit a proof)



RELATION “T1 ~ 29"

S:q.s, X € Schy/s, 1,72 € X.
A CHARACTERIZATION OF “T1 ~ Tg OR Ty ~~ 21"
ULy v g OF Ty~ 2y =
3Z € Schy/s, 321,22 € Z,3(f : Z — X) € Schy s, S,
(Z,21,29): str. loc, and {f(z1), f(22)} = {z1, 22}
*) [=] Take a valuation ring which dominates Ox ., /mx 4,
[«<] follows from the previous properties. O

By using the above characterization, we can characterize
category-theoretically of the relation z; ~ x5 (details omitted).

COROLLARY. We conclude the followings:
- Closed immersions may be characterized cat.-theoretically.

- Underlying top. may be reconstructed cat.-theoretically.



UNDERLYING TOP.

Similarly to the case of Set, we conclude:
RECONSTRUCTION OF UNDERLYING Tops.
There exists a factorization
Schyqqs -type Tren, Cat ) 1op orset, Cat
of the inclusion Sch,qqs -type < Cat such that
for any scheme S and 4 C {red, qcpt, gsep, sep},
Utop(Schy/s) : Schy g — Top is isomorphic to Schy /g forget, Top.

: . ~ Top ~ 77T
Thus, in particular, VF : Schy /s — Scho 7, UyJ% = U750 F.

COROLLARY. Topological properties of schemes (or morphisms)
may be characterized cat.-theoretically

(ex: g.s. g.c., sep,, irred., local (=2 Spec(local ring)), open imm., univ.
closed, etc.).



CONTENTS

1. INTRODUCTION

2. RECONSTRUCTION OF RINGS - from Categories of Rings

3. RECONSTRUCTION OF RINGS - from Categories of Reduced Rings
4. RECONSTRUCTION OF SCHEMES

4.1. Underlying Sets
4.2. Topologies
4.3. Structure Sheaves



CONTENTS

= W N

INTRODUCTION
RECONSTRUCTION OF RINGS - from Categories of Rings
RECONSTRUCTION OF RINGS - from Categories of Reduced Rings

. RECONSTRUCTION OF SCHEMES

4.1. Underlying Sets
4.2. Topologies
» 4.3. Structure Sheaves



AN OBSERVATION

To reconstruct the structure sheaf of X € Schy g, it suffices to
characterize the ring scheme Al — X category-theoretically.
Since Al is of finite presentation over the base scheme, we wont to
give a cat.-theoretic characterization of morphisms of finite
presentation

AN IDEA. of f.p./S =a “"compact object” in Sch‘/)g

More precisely,

A CHARACTERIZATION. X — S is of finite presentation «—-
V(Vx, fau)aea: diagramin Sch g s.t. A: cofiltered, Vy: affine,
the following natural map is surjective:

Y g(él/{g} Homsch/S(V)\, X) —» Homseh (lz\ren: ", X).

Note that we don't have a characterization of affine schemes yet.



ESSENTIALLY OF E.P.

By consulting to the previous characterization, we will give a
characterization of morphisms that is locally of finite presentation.

S: locally Noetherian, (f : X — S) € Schy g,z € X.

LEMMA. f#:Og ;) — Ox,.: essentially of finite presentation
<= Y(Vi, fau)ren: diagramin Schy /g St.

A: cofiltered, Vy: local, f,(closed pt.) = f(x),

the following natural map is surjective :

. ¢
i‘élfx?r} Homsen, o (Vi, X) — HomSCh‘/S(lilélA "\, X).

-} It can be proved by a same method of the proof of the previous
characterization (details omitted). O

REMARK. |think that if S is not stalkwise Noetherian, then there
exists a counterexample of the above Lemma.



LOCALLY OF F.P.

S locally Noetherian, (f : X — S) € Schy/s.
LEMMA. f islocally of finite presentation <=

- Vo € X, f# : Oy ju) = Ox,,: essentially of f.p.
-Y(Z = Y),Vz € Z, the following natural map is bijective :

lim H W, X) = Homg, lim* W, X
W(écl)zl(rnz)op OmScho/Y( ) ) Oolmlg h‘/"(wg}lz(z) , )7

where Iz(z) 2! {iw : W = Z | iw: openimm,, z € Im(iw)}.
-} It can be proved by a same method of the proof of the previous
characterization (details omitted). O



LIST

Let S be a locally Noetherian scheme. For any X € Schy /g, | X| has
been reconstructed cat.-theoretically, and, moreover:

LisT OF CATEGORY-THEORETIC PROPERTIES.
The following properties have been characterized cat.-theoretically:
- red,, irred., integral, g.c., = Spec(local ring), = Spec(field).
- g.c, g.s., sep., imm,, closed imm., open imm,, loc. of f.p, f.p.,
f.p. + proper (= sep.+ f.p.+ univ. closed).

The following properties have not given yet cat.-theoretic
characterizations:

flat, smooth, étale, unramified, etc.



AN OBSERVATION

To reconstruct the structure sheaf of X € Schy g,
it suffices to characterize the ring scheme A§ — S cat.-theoretically.

Since A§ = P% \ {00},
it suffices to characterize PL, — S category-theoretically.

WHAT IS NEEDED.
Giving a category-theoretic characterizaion of P§ € Schy s

To do this, we give a category-theoretic characterization of P;.



PROJECTIVE LINE

First, we note that:
- proper over Spec(k)
P, <= < - the residue field of the generic pt. 2 k(t)
- "Closest" to Spec(k(t))
Hence, to characterize PP}, it suffices to characterize Spec(k(t)).

Idea: Liroth's theorem.
LEMMA. [f:Y — Spec(k)] = [Spec(k(t)) — Spec(k)] <=
- 3K :field , Y = Spec(K)
- finotfp. (& K/k: not a finite extension)
-k CVL C K,3isom. K = L over k (LUroth's theorem).
Thus, we obtain a category-theoretic characterization of P}.



AN OBSERVATION

A = P!\ {oo} has a ring scheme structure:
OBSERVATION. 1-dim ring scheme = A!.

Indeed, we can prove the following:

LEMMA #. V 2 Spec(DVR), f : X — V: a flat ring scheme/V..
Then f is isomorphic to the projection A{, — V' if

- The special fiber of f is connected and 1-dim.
- The generic fiber of f is A}I, where n € V is the generic point.

*.") This can be proved by a same method of the proof of the
well-known fact of the theory of Néron models that G,,, v is an
absolute minimal model. O

REMARK. Without connectedness of the special fiber, there is a
counterexample: Spec(Rlz, (2 — a?)/7]).



CHARACTERIZATION OF Pg

S: locally Noetherian normal, ¢ = ¢ U {red},
f: X — Samorphismin Schy,g. Then

f isisomorphic to the projection Py — S <= f satisfies:
(1) fis proper.
(2) Vs € S, X xEk(s) (= f1()rea) =P,
(3) vgenericpt. € S, X x¥ k(n) (= f(n)) = Pin)-
(4) 3so, 51, $0: SECtiONS Of f St 8, N5 = B, (i # j).
(5) Vi =0,1,00,3aring structure on X \ s; over S'in Schy, /g s.t.
s;:add. unit, sg: mult. unit, and {4, j, k} = {0, 1, co}.
(6) V(g:Y — S) € Schy g and ¥(to, 1,1t ): SECtiONS Of g,
if (g;t0,t1,too) Satisfy (1),...,(5), then 3k : X — Y closedimm.
st. f=goh,hos; =t;,¥i € {0,1,00}. (universality)

)
)
)
)



PROOF

If P} satisfies (6), then by the uniqueness of (6), "<": ok.
Hence, it suffices to prove =" (i.e., P} satisfies (6)).

Let Y € Schy s be an object that satisfies (1),...,(5). We define
C: Sch‘;g — Set,

(T—>S)H{i:]P1T—>YT

1. closed imm,, s.t,,
071700'_>t07t17t00 .
Then we obtain immediately that:

- C'is an algebraic space over S locally of finite type
- by (2), each fiber of C — Sis a 1-pt. set.
- by (3), C — S is birational.

ASSERTION. The cardinality of C(S) is one.



PROOF

To prove that #(C(S)) = 1, it suffices to prove that
the composite Creq — C — S is an isomorphism.

Letw & Spec(DVR) — S be an morphism (note that W & Schy/g).

Then (Yw )rea \ ti,w is a flat ring scheme /W.
By Lemma &, we conclude that

(Y )rea \ tiw = Al In particular, #(C(W)) = 1.

By the valuative criterion, C — S is proper. Since C — S is bijective,
C — Sisfinite. In particular, C'is a scheme.

Since C' — S'is birational, and S is normal, Creq — S.
This completes the proof of the "Characterization of P¢". O



CONCLUSION

Similarly to the case of Set and Top, we conclude:
RECONSTRUCTION OF UNDERLYING SCHEMES.
There exists a factorization

Wsch

forgetful
Schyqqs -type —= Cat scp,

Cat
of the inclusion Sch;qqs -type < Cat such that

for any locally Noetherian normal S and ¢ C {red, qcpt, gsep, sep},
forgetful

\Ilsch(SCh’/S) : SCh./S — Sch isisom to SCh./S Sch.
Thus, in particular, YF : Schy s — Schop, UgSly = U3%y, o F.

Moreover, for any locally Noetherian normal schemes S, T,
Isom(S,T) — Isom(Schy 7, Schy/s).



RELATED WORKS

| also confirmed the following reconstruction results:

- & C {finite, proper} and S: Noetherian

- & C {ft, red, qcpt,gsep,sep} and S: locally Noetherian normal,
where "ft" means "of finite type".

- The log-scheme version of the above reconstruction problem.

Since we may consider many properties of schemes,
there are many category-theoretic reconstruction problems.
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