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Setup k Ao : semisimple , A=¥oAi

A- Gr : the category of (E)graded left A-modules

C. (A) : complexes of graded left A-modules
u

M f . . . > Mi >Mit ' > . . . )

(A) : {MCCIA ) Mi; 0 if i >> o or itjcso}

[(A) : {MCCIA ) Mi; 0 if ie o or itj >so}
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ja
M

Me (A) < >
⇒
b.CE SI

.

Mi. 0 if i > b or i+j< c. ÷ .? >
ib

'

'

-

:c

ja

MECCA )< >
⇒
b.CE s

.

-1
.

C :
.

.

Mj. 0 if isboritj > c.
"

C
>
ib

M
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KIA ) : the homotopy category of complexes of graded left
A-modules

K'(A)
,
KYA ) CKIA )

full sub

Ob K'
"

(A) : Ob (A)

obkt.CA/:-ObCtlA)KaclA)cK(A) KAYLA ) : K'(A) nkac (A)
¥ fee? M : acyclic , i. e. . Him 0 " i c-Z

Kaila ) : K"/A) nkac (A)
1) (A) : KIA ) Kadal

DHA ) : KYA ) Kai /A) DHA ) : K
"
(A) Kate /A)
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Rem 1)
"
(A) C
""

> 1) (A)I
"

> ☐
"
(A)

A- Mod : the category of left A-modules

A-mod : finitely presented left A-modules

A-gr
: graded left A-modules

7-

Aim • A : left ( locally ) finite Koszul > 1)
" (A) = DNA ! )

.

• A : Koszul
,
AEK -mod

,
Aek"-mod

,
A
!
: left noeth

.

7-

> DHA -gr ) - DBIA !-gr )
. 5



Henceforth
,
A is assumed to be left finite Koszul

.

Step / Construct a functor F :c
"
/A) > CHA ! )

.

MECHA ) FM : A
!
④M ④ - ④

k

④ Ate ④Mi
e. IEZ

-

① (
*

(A!e) )
*

④ Mi
d. IEZ in

K -mod
-

⑦ Hom
,<
( *(AI )

,

Mi )
d. IEZ

-

⑦ Hom
,<
( * (Ab )

,

Hom,,(A.Mi ) )
e. IEZ

-

⑦ Homa /A④
*
(Ab )

,

Mi )
d. IEZ
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K ( - - - >A- ④
*
(AI )

de
> A- ④

*
(Afi ) > . - . ) : Koszul complex

Homa / A-④
*
(Ate - II. Mi )

odd
> Hom

,
/ A-④

*
(Ab )

,

Mi )
I 2

A !e. / ④Mi A !e ④Mi
y V1

(men;)
☐④ m ' >

d.la/Dm):=C-i)i+iEavIxvamHomk(Ai.AilElAD*xA
.

V1

IDA ,

' > EÑ✗④V✗
A!e④Mi > t!e④Mi"
v1 V1

a -0mi > d"(a④m ) :=a④2mlm)
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FM ⑦ A!e④Mi

(
⇒

b. CEZ sit
. { i<b) Mi

- O
l,iEZ

itj >c) M;i=O )MECHA )
P

IFM )q : ⑦ A!e④Mj in

P=i+j

9=1- j

P=b -11
In ^ ^ ^

9=1 0 > Ai④Mb, > Ai④M ?
"

> Ai④M ?" >

n n n

d
' ' 0 > Ai④M ! > Ai④M!

"

> Ai④M!" >

^ ^ ^

0 > A!o④M !
,

> A!o④M!,
"

> A!o④M!,
"

>

n n n

d
"

O O O >
> , 8



In ^ ^ ^

0 > Ai④M ! > Ai④M !
"

> Ai④M !
"

>

9=0 P=b-11
^ ^ n

d
' ' 0 > Ai④M ? > Ai④Mb,

"

> Ai④Mb,
"

>

^ ^ ^

0 > Aj ④Mob > Aj ④Mob" > Aj ④Mob -12 >

n n n

d
"

O O O >
> i

In ^ ^ ^

0 > Aixm } > Ai④M ?
"

> Ai④M?
"

>

9=-1 n n n

> Ai ④Mb
"

> Ai ④Mb
-12

d-
^ 0 > A ! ④M? 2 2

>

P:b-11 ^ ^ ^

0 > A!o④M? > A!o④M,b" > A!o④M,b -12 >

n n n

O O O
d
"

>
> i
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(FM )? ⑦ A!e④Mj ⑦ A !q+; ④Mj
"

p=i+j j
9=1- j

(FM )
"

① ( ⑦ A !q+j ④MY
")

9 j

① ( YA !q+; ④MY)
j

⑦ ( A ! ④ M
,

?-i )
j
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% / ⑦ A !q+j ④MY
") g①( ⑦ A !q+j ④MY

" ")
j j

(FM )
" d

"

> ( FM )P
-11

⑦ ( A ! ④ MY" ) ⑦ ( A ! ④ MY
-11 -i )

j j
u U

P -11 -j )④ ME" ( A- ④ Mii! ) -101A !④M;
A !e+ , Mj -11

y U
v v

deg. l- j a④m I > dPla☒m ) : 1- 1)PE "aÑj④Ém
'

deg. e- j

( aeA!e ) taxdmlm )
l

m

'

M
,

? -11 - j

d
"

is a homomorphism of graded left A
!
-modules

. it



(FM )
"

① ( ⑦ A !q+j ④MY
") 0 if P (P - j) -1J > c

9 j

(FM )! ⑦ A !q+j ④MY
"

0 if P -19=110 - j) -119 -1J )< b
j

(
its >c) M;i=O
i<b) Mi - o )
1<0 > A!e=0

i. f- Me (A) (C)
⇒
bite st

.

Mi - o if i > b '
,
and )Mi. 0 if i+j< c
'

.
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We can easily check that the assignment Mi > FM defines

an additive functor F :C
" (A) > C

"
/A!)

.

11

Step 2 Prove that F induces a triangulated functor KYA ) > KYA ! )
.

Let f : M >N be a morphism in C.
"(A)

.

(1) fi.nu/l-homotopic C) 0 > N > C. (f) > MID > 0 : split in ((A) .
( well-known )
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(2)
M

uf
0 >N > C. (f) >Ma] > 0

(FM )q

u

/ F-f)
g

o > (FN)
,

> (Faf ) )
,

> (FINA) ) )
,

> 0

11

(clff ) )q ( (FM)[D)
q

.

-

.
Fclf) CCFF ) and 1=1141131 (FM )i] .
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(3) 0 >N > C. (f) >MIN > 0 : split
F (

o > FN >Cfff ) > (FM)[1) 70 : split C) Ff : nulthomotopic
by (1) .

(4) By (2) and (3) F induces a triangulated functor KYA ) > KYA! )
.

☐

step } Prove that F : KYA ) > KYA ! ) induces a triangulated functor
1)
"
(A) > 1)

"
1A ! )

.
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It suffices to show that FM c- KÉ(A !) whenever MEK!c(A)
.

This follows from the construction of F and a standard argument

of double complexes . ☐

Step 4 Define a functor G :c "/A :) > CHA )
.

Ne (A ! ) (GN ); : ⑦ Homkl A-e. Ni;)
P=i+j
9=1 - j
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f- c- Home /A-e. Ni ) d
'

/ f) :=(- 1)
'
'

[ is fly . )

d"lf ) : -2N /f)

9 O
P - O no ,?

> (Ao
,
N!) > ( Ao

,
No't > - - - so

d- ^ [ Ñafcv,?) ^ ^

(
g

> (Ai .MY) > (Ai ,N.it > - . - so
6 n n

d
"

>
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0 0
9=-1 ^ ^

> (Ao
,
N?) > ( Ao

,
No

'

) > - - - > O

d
' ^ P=O n n

> (Ai
,
Nf) > ( A- i. N.it > - - - > o

n n

d
"

>

d : - did
"

GN=/ . - - > IGN)
" d

"

> IGN)
""

> . . . )

We can easily check that the assignment Nl > GN defines

an additive functor G : CMA!) > CHA )
.

☐
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Step 5 Prove that G induces triangulated functors KYA
!) > KHAI

and DNA !) > DHA )
.

Step 6 Prove that F :("(A) > CHA ! ) is a left adjoint to

G :(
"1A ! ) >CHA )

.

Let MECHA ) and NECTCA !)
.
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FM

I
11

,

Homa! /A !④M , N) - HomKIM , Homa:(A
!
,
N ) )

÷
= Homkfm , N )
¥
IHomk(A-④M, N )

A

IHOMACM , Homk(A. N ) )

HOMACM.jo/-lomklAe.N ) ) MECHA )
V1

(
i.

.

EN
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We can check that :

p

(1) FCIFM );) C N'ftp.q C) £1M;) c- IGN ),tp.gl
, ,

I

① A!e④M ⑦ HOMKIA-e.Nj )P=i+j p=i+j

9=1-j q =L -j

(2) f- commutes the differentials on FM and N if and only if

§ M and GN
.

-

'

- Homey.my/FM.N)=-Homciya,lM,GN ) . ☐
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Step ? Prove that the counit EN : FGN >N is a quism for

any NEC"(A
!)

.

CYA)
V1

(1) HOMKIGN
"

.
N ) I HomA(GN,Homk(A. N) )

11

Homa:(A!④GN,N ) a HomA(GN, GN )
I e

Hom ftp.j/FGN.N)--HomciyA,lGN.GN )
v1 u

ENC I IDGN

AEA
!

,
FEGN Eµ(a④f) af /IA )

.

22



g-nc-HomklA.nl

(2) U
can

-0 : N ~
> kxotlomklk.nl- ④ (

"

⑦ Honk /A-e.NI) - FGN
1>-0

[
n ' > ' ④ Sn ' ' '

a.
④In

[( gn :k > N )
/ I > N

.

N
,

! > kxotlomklk , Ni. )c(FGN );

(FGN)
,

! d
> (FGN)

,

!"
① is a chain map in k -Gr

'

j;
"

a
" oij '

FGN
E"
> N Ell ④ In )=Jn( IA ) = gnli ) = n N

,

!
>Nj.
"

N

2in
;E

NÉ FGN
"

DN Eno __ Idn

① is a quismiff EN is a quism .

← Want to show
23



① is a quism iff -0; is a quism for all JEZ .

☒

Enough to show
(2)

> Ai ④ (GN )
""'

> Ai ④ (GN )i+i( FGN )j - - -

- j+, - j+ ,
> - - -

^ ^

i. > A!o④(GNI! " > A!o④(GN )! > . . .

n n n n

①
it

o o IFGN)
,

!
j Oji
a

oiii
> Nj" > Nj. >

This is amorphism of double complexes whose totalization is Oj .
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By a standard argument of double complexes, 0; is a quism if

the sequence

0 > N
,

! > A!o④(GN )
'

> Ai ① IGN )'+ , > - - - fi , ;)

is exact for all i. I EZ .

(3) ( i. j ) is exact for all i.Jez iff

0 > ④ Nj > A !o④(GNIP > A
!

,
④ IGN)

"
> - - - ① ( i

, ;)
p=i+j p=i+ ;

exact for all PEZ .

is
25



NP
ii

0 > ① N
,

! > A !o④(GN )
"

> A !,④(GN)
"

> . . .

p=i+j

A !o④( ④ ( ⑦ Homk(A-e. Nj ) ) )
9 p=i+j

9=1-j

1 a 1

A !o④( ⑦ Homi.CA -e. NP ) )
"

l

v

z v

0 > Homklk
,

NP ) >④eHomk( A.e④*(A:o) , NP ) > ⑦eHomk( A-e④*(A
'

;)
,

NP)
a f Ti a f

o >Homklk ,ÑP) > Hom ,< ( A. NP) > Hom ,<(A④*(A:)
,
NP) > . . - i. ex

.

Oc Kc A < A-④
*(Ai ) < . . . : ex

.

Koszul complex
26



she
> 0

-

telson
☒ Homk( A-e④*(At;) ,NP ) > ④ Homk( A-e④*(A

'

;) , NP ) > ⑦eHomk( A-e④*(A !i+ , ) , N)
P
)

e

t a f a f

Homk(A④*(A'i. , ) , NP) > Homk(A④*(A
'

;) , NP) > Homi.CA/D*lA!i+ , ) , NP) : exact

she7-
g , >

-

telsonin
⑦ Homk( A-e④*(AE ,) ,NP ) > ⑦ Homk( A-e④*(A

'

;) , NP )
-Iti - Ism

u
, a

- l+i±m

y
7- mzo

Honk / (A④*(A'i.d)em, NP) >Honk / (A④*(A
'

;) )±m,ÑP) > Hom ,<(lA④*(A !i+ , ) )±m,ÑP ) : exact

☐
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Step 8 Prove that the unit M > GFM is a quism for

any MECHA ) .

By steps I -8 ,
we have :

-1hm ( (BGS ] )
F :D

"
/A)

<

^

> DMA ! ) : G
-

n

Koszu / duality functor

Rem d) FCMCN ) ) (f-Mlfnlln] "
nez

Iii) FKIA !

,

FlA④) - k A !o
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Lem

lil AEK mod > Db/A-gr )
~

> DECA) : - {MCD"lA) / !HIIMICA-mod }

Iii ) A
!
:/eftnoeth

.

> DHA!-gr )
~

> DÉIA ! ) : {MCD"(A! ) / ⑦HIIMICA!-mod }
i

Cor AC-k-mod.AE/iP-mod
,
A
!
: left noeth

.

F

D
"
/A)

-

> DNA ! )
U U

DECA ) a DTA! )
" "

Dblttgr )
~

> Db /A ! gr )
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Proof
.

1)
"
(A)

F-
> DHA ! )

u a u

DECA ) i > DECA!)

since Flk) = A !
,
it suffices to show :

claim EveryMEA
!
-

gr has finite projective dimension .

( ETS :
⇒d > 0 s.t.ee/-iA!(k.kli1)OV-isdV-jc-Z )
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Proof of claim
.

F

HompbcA.gg/AQtP*fi)Ci+j ] ) ~ > Hom ,,b,µg , , /
K
,
klilli ) )

0 if itj -1-0

F

i+j=0 > HompbcA.gg/AQA#i ) ) ~

> Hom ,,b(g, , /
K
,
ktilli ) )

11

hom.nl/t*.A*li ) )
it

i.
⇒
d > 0s. -1 .

homk(A④fi ) , K ) HOMDYA-igrjlk.is/j)li))--O
11

"
i > d

,

"
jez

.
☐

( ( A*)i)*
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f-structures

def

☐
"
(A) 3131^(1-1)<-0's 3- ✗ C) ✗ c- DNA )

,
✗ ÉPE (A) s

.

-1
.

( resp.D"(A)
"" 3- X ) Pi : projective , Pi - APE - i. "IEZ

( resp . Pi API - i )

Prop ([BGS] )
F

(1)"(A) £0
,
1)
"(1-1)>-0 )

~

> ( DHA! 1<-0.9
,

☐
"
(A'-1>-0.9)

the standard -1 -structure a non -standard -1 -structure
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