
Koszulity for preProject ive algebras

and zigzag algebras

Kota

Murakami



References
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Koszdity for preProjecti ve algebras and zigzag algebras

Ain

レノ 、
Q : non - Rnkin ⇒ PA & ZZAka 1

Q ifinite quiver .
. Qi Dynkin ⇒ almost "

preProjective algebra annni zigzag algebra
( = i PPA ) qwd V9たと ( = : zzA)

dual

・ PPA has several Character izat.ms from different Viewpoints
and

. givens many interests to different areas .

(I) PIA & ZZA ( they are quadded )

(五) Intv0duce 3 CharacterRations of PA and indue Koszulity from
② Slow - groups algebra . (Qiext.Dynkin.KEchko1them@Ca1abi-Yaucompletion.lQi acydic )
③ Rep theny of Q ( Q iacyc.lic)

四) Almost Koszulity of PA of Darkin Type .

(I) 。 PIA &ZZA.ir Simpley
Def Q = ( I, El quiver (Oriented Connected.finite graph )

have had
Vera
'
Edge の tail

m We deFine the Path algebra of Q Over a Field k as

the tousor algebra .

HQ i = TS ( E ) ・ S = 恵 Kei ← Path of length O .

° For X EE
,
de j = Stはは の

ej の = 8 んはは の



・尞 。

Tpsite
We Take the doubk of Q as (

I = I
E = E HE

*

and deFine the following quadratio algebra な ( PPAI

Def (Geeand - Bnomaw )

T = TQ に
炳
に工のが 一 のな 〉

の EEQ

of
(な ) Q = y Y J = GJ O 。

※で
1

・
°

2 1 ・ Jbs ° 2
g 1

が べ2 が
2と一※一※

T has Paths He 、。
Lが」 △ となし
○ cos 1 〈ー32 くーっ O

c と c と t.it

Rep.IT does not depand on the Choice of Oriental Ion
of Q (Up toisomorphismsl.tlContein s KQ as a Subalgebra for any Orientation

- ADE Classification often gives Characterizationsofnicehomobgicaldassesofquive.iralgebras

Def Q : Darkin Type

: <⇒ UnderKing graph が of Q is One of

n l-2 l- 1
An

も も En ・ ・ かも ・ ・ -.- ・ ・

(n 741 ・l

n-3 h-1 h

En
も も ・

・ - ・ - .ie。

(n = 6.7.8) !
n-2



Def Q ! ExtendedDynkintype.ie
) Under King graph が of Q is One of

Ei" も も 3 5 6
•
O

. a o

AY '
i
4

.
0

• ・ -_- ・ ・

だで も E is
4 6 7 0

1 2 h .
・ ・ ・

2 3 1 -2 l-1が '

t
• . . . . . . . . ・

5
4 5 7 8

(1 1 0 1 2 3

・ 0 . f E s ・ ・ ・ ・
・ ・ ・ ・

• 6

eg 、

っ [Beer- Castleusing ] dim 、、、な Qi Dynkin 、 o

な i Noethevianoffini.ie GeHand - kirilbvdimensionlcf.IMRJ )
Q : Drinkin or ext Dynk in .

( Booklandt] K =E
,
A : quiver dg.wlsuitabkgradi.ge> A i PPA (Q : non - Dynkin )が(1-mode 2 - Caldi -Yan

[Biatkowski-Erdmannfkowphskiltiselfinj.fin - dimd は
Then

,

R) ( S ) = Un ( S ) に sina.proj . Simple 1 - mod 1

f ⇐) 1 : defined
"

PPA ( Qi Generalized
"

Dynkin )Def べが i proj 1が init
Qi aCycle quiver .

Za : 二 k

く の B ( 0 もが 、幽 =の 1 〉 Eはに にしのか

をはがの ー幻が B (t はに七 (B) ) さ (メEQ#

This algebra has pathsy※? く

・ くっ ・ ZQ is a 2( III t lEl )
込 1・料

•

i dimensionc.lk -algebra .

本沢

m The quadratio dual of Za is

k KI のが 一 のな ゝ ( preProject ive algebras )
のEEQ



Rem . The algebra Za is called the Zigzg algebra .

. The algebra Za does not deAnd on Our Choice of Orientation

Up to ison

i The algebra ZQ is isomorphic to the trivid Extension dg .

of HQ/( rad KQ )で

-
ヨ
x 、 Z。 っ k

いのな I > 1 m と
、 〉 i な・な っ k (non degreerate)

d.li 1 7 0 . i
. Za is a Fromias algebra .

Ran In Tomorrow Lectures
,

une will considerkoszuldualit.es abut

Fisheries Koszul algebras & AS - regular as in more General Settings .

(I). After H. Nakajimaprop.sed some question aboutkoszulit.es
of PPAs in ICRA ( 19941 and [Martinez- Villa ] ( biParti te case ) 、

many People proud
"

koszulit.es " of PPAs from deffere.int

Viewpoints 、

Ran In General , PA for any tinite non
- Darkin quiver ( not

necessarilyacydicliskoszul.CCEting。た Eu ] 1 .

But We will NOT dis cu their argument .

• G。bd-Shafarevichinqualiti.es .

1 i Zt.gradedalg.us/ へ 。
i S = 1迪

"

For ME S
.
S bimod

. [M] i = ( dimKei Mej ) ij E Mae(n.TL)



付& Mi
For Mi gradedsbim.cl

,
P (M . t ) に も [Mi] で (Matrix Hills 、

Series)
c deg 1

km 1 : TS (V)/ (R , qued. algebra
deg 2

・

1 1が
1 - [V]t t [R]t2

70 ⇒ PH t ) 3
1- [V] t t [ R]だ

さい
' PU '

t ) =

1- [v] t +[R]一に
二つ A i KOSZa 1

.

① (☒ )

O っ
ヨ
K > 1 ⑤。

R っ ADV > A ) S → O

(exact Koszul cpxl
(See later )

P (1 , t ) ・ 1 - P (1 .tl t t PIA 、
t

t.IR#-1=P(Kt13O.Ea1IfP(A.tl=1fvJt+
に]も

⇒ K = 0 .

(キ) 一つ
sg

O → RA v0→ s → 。

i. なぼ ( S
. S ) is consentrated in degree i ☐

.

② Slow -Group alt ( [ Reitem Van -den - Bergh .
Craney

-Bay -Holland、

OverView finite MeKay

K = E
.

ch K = 0
,

Sに ( K )がア くくがっ { ext . Drinkin diagram }
non comm 、

K [ X ,
Y] ア their) K[X .

Y] X P =A

quotient Singukrity f
In some Sense sm。。thy

Him
. Vector

.

k [KY]「 こ e。 1 e 。 (こ k [ Rep した。 がば )
r「

idemptent comesPondは
comesPondは t。ext.Dynkin.tvivid rep



Fact ( Reitem Van -den - Bergh ]
i MeKay com

.

kt.chK = 0 .
」

Qi Extended Dynkin 、

ア !finitesubgrpofSL.dk/Vivectorrep.ofP(osg)(bDhNf1bDgh
ぺい * ァ に God

〉
と
v* T = kは高炉

には 1Morita Mori ta
、

vaol.IQく ) な ←

equipped.ru/pathgrading.rKoszuIityofな is induced from that of Kに は] 値ngof

Sketch ) - ES
kア⑤ -

~

(koszulcpxofka.gg/AQi=(aijIaij:=#fegesconnectingi&BKiO
→ 11- 21 〉 へ 灵 (1 ) 、 っ 1 ) KP→ 0

は咄 し
。 っ た。 (-21 ) た。 号 した。 ) へ、 っな ) S →0

→ 1 = P ( ど 、
t ) = P (な 、

七 ) - PCな 、
t ) A。 t 4 P(石 、七心

⇐) やしな 、 t ) =

1
uns TQikoszul.1-AO.ttで
GS - ineq 、

ロ

②Graded.ca/abi-Yaucompletion(MinamotoliIt
is known that た。 ( Qi non - Dynk in I is a 2 - CaldiTau

algebra ( This is a Special case of Artin- ScheHer regular alg

しかし 1-mode ) has [2] as the Serve factor 丿
Han ( M .

N)も Hom ( N 、
14 [2] )が Db

m) PPA Can be thought as a procedure to obto.in Gay from an algebra .



If weconsiderpathgvad.infon TQ ,
then TIQ (Qi Non- Drinkin ) IS 9 ( 2 . 21 -

Calabi - Yan algebra .

( Horn ( MN)も Homj N . 14123121 )
Db

(This an be read from biModule rest (d [Geisstederc.scwie)
・ PPA has Characterizations as

"

non - commutativeanabg.ee
"

of the cotangent bdl of an Mine Curve [ Crawky -13。eveyet.at ]
" IQ こ た。 ( HV2 ) (R : inversedualizingc.ms )

"

m > There is a Natural fromWork to obta in a CY dga from
a dga ( deHerentid Graded algebra ) 。

Fact ( [Keller 、] ( et
. Ileda - Qiu ) ) differential bigro.ded

A ! ( homdogicallysmthldbs.am
ヨ
T.mn 、 ( bimodukllm.nlCY.dbga.at は

(di べ →べー )
介 (min ) (A) = TA ( WI ( Wi =

Cofbrant rest
.

of

n r RA [m ] 1- n ) (IA = RHome( A
,
M) )

bmol.TNams (AEARAT

We taken Q as a non- Dynkinacydic.fiver . then

it is known that Tan」 (KQに Ts ( KEI-1 KEをm]は川④5[mini)

= EQ ダニ ti しか
J = Q11」 上 {の 1 i EQ。 }

10.1 ) (int2 、h-11 km+ 1
,
n )(. . ...

by dは 1 = O = d (のサ はE 1
d(t i ) = ei (E [ のがり ei

のEQ1

Fact - Def
.

0 M = ( ⑦ パ 、 dm 1 :cpxofgradeds-bimodules.ME
Z

(11 Mi suito.by bounded : Vie Z dim K電ぼく .

(2).
ヨ i

。 e
Z

,
Mi = O (Ei< i。 )

PCM 、 七) : = を 1が PCM? t ) = 点 に1)
"

[ M!] で
,



• P ( M [n ] (m ) 、 t ) = ( - 1µで 「 P( M , t )

・ M
. N i quasi- i m ⇒ P(M

,
t ) = P(N.tl/PlM@sN

、
t ) = P ( M.tl ・ PN.tl

Fact Q ! acydic ⇒ た。 臿 た (2 . 2 )

い) P ( M ,t ) = [ E ]t [瓩] t - [ S] t
2
= な - t 2

こ、 P (TQ.tl = Pし たい 、
七)

1 1.us た。
-

いなせ2= P (Ts ( (か) 、 七 に元 P(にりがニュー附内

ikoszulnso@ReptheovyofQl1Brenner-Buttler-Kings1subalg.l
TQに I ( idea = HQ 、

KQ Les な
いっ た。

"

containing them of Q for any Orientedim .

. We assame Qiacyclicquiver.IQis the di rectsum of the preproj . Module of KQ に 1 )
Fact ( [Bar Geigle.lenzing.Crawley.bevey 、 Ring e II )

- T = ④ Home ( A . で1 ) = ⑦ でで 1 (as left 1 - mod 1We Call
Lys ne。。

neが。《 Mr (だに た姑 ( べ
、

- ) は、[A
descriptive ~ っ た ifin

.

did ⇐つ QifhiteDyuk.hr
In General 、 Q ifin

. Darkin ⇒ た i Self - ば 、 (た こ ザ
- as TPP- mod)

We constdev Projectare rest . of Simple でmdks.pro
p Vie I 、

ei T > ④ ejTI ' eiT ' S i 70
.
feet )

で じな

ii. Qi Dynkm ⇒ Ker t = S。( i ) ( (eiIT )も死の(ii)
(II) Qi non- Darkin =っ い =

O.ptChoose Orientetion as If sin k . ( Rei : Simple proj )



0 → 1ei ) ④ Aej っ な ( A ei ) > 0
.

j→ i

GOMA に 万 1

1 * 1

0 → Home (ど (Rei ) TI → ⑦Han( Ier 、 17 1 → Horn ( ReiTI
1

GTI eiIT

→ Ext 吉 ( い ) → o .

1 - diml 二 S i

Q : non Darkin ⇒ たたこ た こ
、 ( M = eiた

Qi Darkin
E = 0

⇒
。 → DA ) T ' TI "

Homme i , 一) ( ( Split 、

SISi 0 一つ Hand Rei 、
DN→ HanMei

、
TI ) → Hour Kei .でり → 0

51 5 1
5 1

Say Ch) だ た
Hom (で (Ali) 、 「り

Lem
A = Ts ( V )に : R : minimol relation .

by
A ⑤にい

Aめがっ A,v

⇒ A ⑤ R

「 皆も m
っ A ) ogives.first 3 - tem of

miniand pvoj.ved of S
、

(Staded CM a
in A - Gr

体 ) We constder degreewie i

・ (☆ ) has hom。Gy A 。
in deg .

O
.

°

O ) A。 ⑤ V
m
' A 」 > 0

M

。 We Move Ans ⑤ R ) Ans ⑤V → An ' 0.eet in >2 )



Rn に (R) n

L LR ○ と し し ○ d Lで
、

:: ::: :O ) Rn-1 ⑤ V
5
) V
に1
⑤ V

を
っ Am V > 0

Stmeter, Im
o

ETKer (mi ) = Rn cは'

V

~っ Ker (m ) = E( Rn ) = q ( Im S t Im ( v )
= q ( Im (v ) = Im ( c 。 p ) = Im ( し ) 口

Cor Qi non - Darkin ⇒ な

ikoszul.R.cm
In vep . theory

of Ein
.

dimd algebras.it is known that afin.d.mil

algwlgl.d.in E 2 is aWays quasi - WedItaly . ([Dkb - Ringe 1 ] )

Dem In ② & ③ 、 We assamed
"

non - Dynk in
"

Properties on Q
.

Some Meanings
of them in the Contexts of CY compktims and BG L

descriptive of prepvoj.gs Can be easilyundersto.cl in terms of

Db ( KQ - mod 1 :

② Q : acyc.lic quiver

1た (Ql ! 2 CY Completeon of HQ ,

f
definitioh of CY compktIon &1[ BGL 、 CB. Ringd] I

TI (Q ) 臿 た (Q ) く⇒ ④ HM。袽、
( KQ 、
で KQ ) ( t : derNed AR trans )

MERo

Concertrate in deg 0 in が( HQ-mod )

<⇒ Q i non -Dynkin.fiOK。 (HQ- mod ) is written by Conter trans .

( Qi Darkin ⇒ でん こ [2] in が (KQ - mod )
( h i CoMer # of Q )



③ We defined gradiy on IT by ( は
の = 0

は EQ )

degが = 1
.

degree
> ④ ejた っ eiた っ Si っ0.lkPart of ( ei た

x inj

mm で ( ei HQ ) 」 で川 恵 な旧 ) >池をeiKQ ) → -
BEN

descriptive AR - Triangle in が ( 1 11<QP _ mod

Inn
) Q : non Darkin <⇒ t i Injection

( by veCalling
"

Qi Dynkin ⇒ the [2]

in D
"
( 化がに mod ) )

四)
.
Almost koszuli.ly of Darkin Type .

PPAs of Drinkin Type are not Koszul
.
However

, they are
almost Karl in the following Sense i

DI l [Breiner - Butler - King] )
A : Z 。。 一 gradedring.ir/Ao=:S ( Semi - Simple Artin )

A : left ( D . G ) -koszul.ie
(11

.

M > p ⇒ An = 0 .

か、 ヨ
Graded cpx が : O → p

&
っ ーーー → が っか→ o

.

st
.

. が 、 proj.gerelated by Pi ( deg i Component )

。 non - zerohom.bgy is |
A。 ( deg の

Ap⑧ ( deg ME )

Rem p 72 ⇒ がな ( qt2-thr.es/ofs)isgeneratedin



degree ftp. > q + 1 .

A。 ⑤た かの○パ
。

o

、
O ftp.spf

・ 一

庇と し
た 。 ピ

と
。

」 。
q、 v1Ap@TOApDPqn.Pt 8 - 1 o
exactexactptq.es

. ) V : SS - himodu

KA
= Ts (V) / RM ( r EB。 ) is ( P , 1 ) - Koszu し

( O ) Apが っ ADV っ A > A。
N )

y
CoMer #

Thin PPAs of Dynkin Type are ( h- 2 、 2 1 - Koszul
、

( and SO ZZA of Rank in Type are ( 2 .
h-2 ) - Koszul

( O ) Suis ' Pi つ ⑦ Pj っし? っ Si > 。)
h 2 1 0 0

「
This h comes from the degree of the s。de of Pi
Under stod by AR - them of KQ ( See IBBKJ )


